Lesson

30 _

Objective Develop the formulas for the axis of symmetry and the vertex
of a parabola, both geometrically and algebraically.

Note to the Teacher In Lessons 11-1 and 11-1B, students studied how
changing the coefficients in a quadratic function y = ax® + bx + ¢
affects the shape of its graph. They also learned that the axis of

symmetry is the vertical line x = —2—[:1 and that this formula can be

used to find the coordinates of the vertex of a parabola. The goal of
this lesson is to explain why this is true.

H Graphs of y = (x + d)?

Remind students how a parabola changes shape as the coefficients of
y = ax* + bx + ¢ change. For example, the graph of y = (x + d)* has
an axis of symmetry x = —d. This comes from the formula x = —i
for the axis of symmetry, which was discussed in Lesson 11-1.

Why is this true?

Notice that the value of (x + d)? is always positive or zero (since the
square of a number can never be negative). That means that the
smallest value of (x + d)? is zero, which occurs when x + d = 0, or

x = —d. So the minimum point on the graph of y = (x + d)? occurs

when x = —d and y = 0. Since the axis of symmetry goes through the
vertex (which in this case is a minimum point), it therefore occurs
when x = —d.
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¢ Notice that when a is a positive number, then the function y =
a(x + d)? is always greater than or equal to zero. The function is
equal to zero when a(x + d)* = 0, which occurs when (x + d) = 0,
or x = —d. The axis of symmetry for these functions is the vertical
line through the minimum point (vertex), x = —d.

e When « is a negative number, a similar argument applies. Namely,
since the value of (x + d)? is always greater than or equal to zero,
then assuming a is a negative number, y = a(x + d)? is always less
than or equal to zero. (Ask your students why.) This expression
therefore has its maximum value at zero, which occurs when
alx + d)2 = (0, or x = —d. Thus, the axis of symmetry, the vertical

line through the maximum point (vertex), has the equation x = —d.

4 Grap
T

hs of y = alx + d)?

For any nonzero number a, the graph of y = a(x + d)? has a vertex
at (—d, 0), and the axis of symmetry is the vertical line x = —d. If
a > 0, the vertex is a minimum point, and if a < 0, the vertex is a
maximum point.
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R Graphs of y = alx + d)* + k
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In Lesson 11-1B, students learned that

e when a positive number k is added to a quadratic function,
y = f(x) + k, then the parabola shifts up k units, and

e when k is subtracted from a quadratic function, y = f(x) — k, then
the parabola shifts down k& units.

This is because if the graph of y = f(x) has a minimum point (the
parabola opens up), then the minimum value of y = f(x) + kis k
more than the minimum value of y = f(x). Moreover, the minimum
values of y = f(x) + k and y = f(x) occur at the same x value. So, if
the graph of y = f(x) has a minimum point at (x, y), then the graph of
y = f(x) + k has a minimum point at (x, y + k). Since the x value of
the minimum point is unchanged, the equation of the axis of
symmetry is also unchanged.
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In the same way, if the quadratic function y = f(x) has a maximum
point at (x, y) (the parabola opens down), then the maximum point
of the graph of y = fix) + kis (x, y + k).

We can now apply this discussion to the functions of the form
f(x) = a(x + d)* that we have just been studying. The graphs of
quadratic functions of the form y = f(x) + k or y = a(x + d)* + k
have the following properties, where a is nonzero, and d and k are
any numbers.

1. The axis of symmetry is the line x = —d.

2. The vertex is at (—d, k). If a is positive, the parabola opens up
and the vertex is a minimum point. If a is negative, the parabola
opens down and the vertex is a maximum point.
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Now notice that if we write y = a(x + d)* + k in standard form
y = ax® + bx + ¢, we can see how to get the formula x = —% for the
axis of symmetry:.
y=a(x+d?+k
=a(x* + 2dx + d*) + k
= ax* + Qad)x + (ad® + k)
T T T

a b c

Write this calculation on the chalkboard. Comparing the coefficient
of x, we have

2ad = b
-b
d—2a.
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Since the graph of y = a(x + d)® + k has an axis of symmetry x = —d,

this is equal to the equation x = —

given in Lesson 11-1.

2a’

b which is the formula that was

End this lesson by providing the following summary. Explain that
any quadratic function y = ax* + bx + ¢ can be written in the form
y = a(x + d)* + k by a process called completing the square, which
students will learn about in Chapter 12. Therefore, these
justifications for the formulas for the axis of symmetry and the
vertex work for any quadratic function.

graph depend on a.

Function Effect on Graph Axis of Symmetry Vertex
Graph widens (a < 1) or
B narrows (a > 1). b _ o0 y=a(0)?=0
y=ax Graphs opens up (a > 0) X=%a " 22°10 Vertex is at (0, 0).
or down (a < 0).
- y=0>2+c=c
y=x>+c Graph moves up. . o Vertex is at (0, ©).
x=—7-=—-—_--0r0 >
=x¥-c Graph moves down > = y= QO —c=—¢
y p : Vertex is at (0, —c).
B ) b 2d_ y=(—-d+d)?=0
y=(x+a Graph moves left. X="%a= "2 979 | Vertexis at (~d, 0).
o . __b _2d y=(d-dP=0
y=(x—d Graph moves right. X oa— 2 O d Vertex i at (d, 0).
] o y=a(-d+ d)?+ k
y=alx+ d? + k Width and direction of x=—d —0+kork
graph depend on a. Vertex is at (—d, k).
) o y=ad+ (—d)? + k
V= alx— dy? + k Width and direction of x=d —0+kork

Vertex is at (d, k).
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